In this paper, we analyzed the buoyancy-driven radiative non-isothermal heat transfer in a nanofluid stagnation-point flow over a stretching/shrinking sheet embedded in a porous medium.The effects of thermal radiation and internal heat generation/absorption along with suction/injection at the boundary are also considered. Three different types of nanofluids, namely the Copper-water, the Alumina-water and the Titanium dioxide water are considered. The resulting coupled nonlinear differential equations are solved numerically by a fifth-order Runge-Kutta-Fehlberg integration scheme with a shooting technique. A good agreement is found between the present numerical results and the available results in the literature for some special cases. The effects of the physical parameters on the flow and temperature characteristics are presented through tables and graphs, and the salient features are discussed. The results obtained reveal many interesting behaviors that warrant further study on the heat transfer enhancement due to the nanofluids.
Introduction
In recent years, a great deal of interest has been evinced in the study of mixed convective heat and mass transfer in nanofluids as it has many industrial importance, specially, in nanotechnology. Nanofluid is a suspension of solid nano particles or fibers of diameter 1-100 nm in a basic fluids such as water, oil and ethylene glycol. Nanoparticles are made from various materials, such as Cu, Ag, Au, Fe, Hg, Ti etc. metals and non metallic Al 2 O 3 , CuO, TiO 2 , SiO 2 etc. (Choi et al. [1] ). These nanofluids exhibit poor heat transfer rates as the thermal conductivities of such fluids are important in calculating the heat transfer coefficient. Due to better performance of heat exchange, nanofluids can be used in several industrial applications such as in transportation, chemical production, automotive, power generation in power plant and in nuclear system. A comprehensive survey of convective heat transfer characteristics of nanofluids was made by Daungthong et al. [2] , Das et al. [3] , Kaǩac and Pramuanjaroenkij [4] , Wang and Mujumdar [5] , and Saidur et al. [6] in their books and review papers. The boundary layer flow and heat transfer due to nanofluids over a stretching/shrinking sheets embedded in porous medium have a broad spectrum of applications in science and engineering. Thus, it is important to study the heat transfer characteristics of the stretching and shrinking sheets to get the desired quality of the finished product. The unsteady boundary layer flow of a nanofluid over a permeable stretching/shrinking sheet is studied by Bachok et al. [7] . Later, Bachok et al. [8] studied the steady two-dimensional stagnation-point flow of a nanofluid over a stretching/shrinking sheet. Recently, Hayat et al. [9] analyzed the boundary layer flow of second grade nanofluid past a stretching surface with thermal radiation and heat source/sink. Makinde and Aziz [10] studied the boundary layer flow of a nanofluid over a stretching sheet with convective boundary condition. Vajravelu et al. [11] analyzed the convective heat transfer of nanofluids over a stretching surface using Ag−water or Cu−water. Hamad and Ferdows [12] studied boundary layer stagnation point flow towards a heated porous stretching sheet filled with a nanofluid with heat absorption/generation and suction/blowing using Lie group analysis. Uddin et al. [13] studied free convective boundary layer flow of a nanofluid over a permeable upward horizontal plate in a porous medium with thermal convective boundary condition. Rana and Bhargava [14] studied the heat transfer enhancement in mixed convection flow along a vertical plate with heat source/sink utilizing nanofluids. Chamkha and Aly [15] focused on steady convection boundary layer flow of a nanofluid along a permeable vertical plate in the presence of magnetic field, heat generation/absorption and suction/injection effects. Recently, Rahman et al. [16] investigated hydromagnetic slip flow of water based nanofluid over a wedge with convective surface in the presence of heat generation or absorption. A similarity solution of the steady boundary layer near the stagnation-point flow on a permeable stretching sheet in a porous medium saturated with a nanofluid in the presence of heat generation/absorption is studied by Hamad and Pop [17] . An important numerical investigation on the convective heat transfer performance of nanofluids over a permeable stretching surface in the presence of partial slip, thermal buoyancy and internal heat generation or absorption was presented by Das [18] . Thermal radiation effect besides convective heat transfer effect plays an important role in controlling heat transfer in manufacturing processes where the quality of the final product depend on heat control factors. The effect of thermal radiation on magnetic convection in the boundary layer flow of a nanofluid was studied by Mat et al. [19] . Hady et al. [20] examined the thermal radiation effects on viscous flow and heat transfer of a nanofluid over a non-linear stretching sheet. Elbashbeshy and Aldawody [21] investigated the effects of thermal radiation and magnetic field on unsteady boundary layer mixed convection flow and heat transfer over a porous stretching surface. Makinde [22] examined the hydromagnetic mixed convection stagnation-point flow towards a vertical plate embedded in a porous medium with thermal radiation and internal heat generation. Abdul-Kahar et al. [23] investigated boundary layer flow of a nanofluid past a porous vertical stretching surface in the presence of chemical reaction with heat radiation by using scaling group transformation. Recently, Ibrahim and Shankar [24] analyzed magnetodyhrodynamic boundary layer flow and heat transfer of a nanofluid past a permeable stretching sheet using velocity, thermal and solutal slip boundary conditions. In view of all the above mentioned applications, the objective of the present work is to examine mixed convection heat transfer on stagnation-point flow over a stretching/shrinking sheet in the presence of thermal radiation and heat source/sink in three different types of nanoparticles, namely copper (Cu), alumina (Al 2 O 3 ), titanium dioxide (TiO 2 ) with water as the base fluid. It is assumed that the base fluid and the nanoparticles are in thermal equilibrium and no slip occurs between them. However, the use of slip boundary conditions have been found in the literature (Wang [25] , Van Gorder et al. [26] and Akyildiz et al. [27] ) for related problems. In this paper, we studied the effects of effective Prandtl number, heat source/sink, buoyancy (or mixed convection) parameter, thermal radiation, solid volume fraction of the nanofluid and stretching/shrinking parameter on the velocity, temperature and concentration fields using thermophysical properties of Cu, Al 2 O 3 and TiO 2 nanoparticles in the base fluid (Pr=6.8 for water)(see Table-1). in thermal equilibrium and no slip occurs between them. Under these assumptions, the boundary layer equations of motion and energy in the presence of heat source or sink, viscous dissipation and thermal radiation, are as follows :
3) subject to the boundary conditions for stretching/shrinking sheets:
where u and v are velocity components along the x-and y-directions, respectively. U(x) stands for the stagnation-point velocity in the inviscid free stream. T is the temperature of the nanofluid, K is the permeability of a porous medium, g is the acceleration due to gravity, Q 0 is the heat source coefficient (Q 0 > 0) and sink coefficient (Q 0 < 0), a, b and c are positive constants, l is the characteristic length and v w is the wall mass flux with v w < 0 (suctions) and v w > 0 (injection), respectively. Further, ρ is the fluid density, µ n f is the coefficient of viscosity of the nanofluid, β n f is the thermal expansion of the nanofluid, κ n f is the thermal conductivity of the nanofluid, α n f is the thermal diffusivity of the nanofluid, ρ n f is the effective density of the nanofluid, (ρC p ) n f is the heat capacitance of the nanofluid. These thermophysical parameters are defined as follows (Hamad and Pop [17] ): 6) where ϕ is the solid volume fraction of the nanofluid, ρ f is the reference density of the fluid fraction, ρ s is the reference density of the solid fraction, µ f is the viscosity of the fluid fraction, κ f is the thermal conductivity of the fluid, and κ s is the thermal conductivity of the solid fraction. The net radiation heat flux q r [W m −2 ] is defined following the Rosseland approximation (Magyari and Pantokratoras [28] ) applied to optically thick media by the expression 
It is further assumed that the term T 4 due to radiation within the flow can be expressed as a linear function of temperature itself. Hence, T 4 can be expanded as Taylor series about T ∞ and can be approximated after neglecting the higher order terms as, .3), we get the following nonlinear ordinary differential equations :
with the corresponding boundary condition as obtained from Eqs. (2.4) -(2.5) in the form:
14)
where
is the mass flux parameter (S > 0 corresponds to the suction and S < 0 corresponds to injection), Λ=g(ρβ f )/ρ f c 2 is the buoyancy or mixed convection parameter (see ref. [18] ), Nr = −
is the effective Prandtl number [28] . In the absence of radiation, the StefanBoltzmann constant σ * = 0, so Nr = 0. It is noted that Pr e f f = Pr in absence of thermal radiation (Nr = 0) and nanoparticles (ϕ = 0). It should also be noted that Λ > 0 aids the flow and Λ < 0 opposes the flow, and when Λ = 0 i.e T w = T ∞ represents the case of forced convection flow. Here prime denotes the differentiation with respect to η. In isothermal case (b = 0) in the absence of thermal radiation and mixed convection, the Eqs. (2.11) and (2.12) reduce to those obtained by Hamad and Pop [17] . The important quantities in this study are skin-friction or the shear stress coefficient C f and the local Nusselt Number Nu x , which are defined by
Using Eqs. (2.10) and (2.16), the skin-friction coefficient and the local Nusselt number can be expressed as Hamad and Pop [17] :
where Re x = u w (x)x/ν f is the local Reynolds number based on the stretching/shrinking velocity u w (x).
Solution algorithm of the numerical method
The governing partial differential Eqs. (2.2) -(2.3) with boundary conditions (2.3) -(2.4) were first transformed into a set of nonlinear ordinary differential equations (2.11) -(2.12) with boundary conditions (2.13) -(2.15) using International Scientific Publications and Consulting Services similarity transformation before being solved numerically by the Runge-Kutta-Fehlberg method with shooting techniques. The coupled ordinary differential equations (2.11) -(2.12) which are of third-order in F and second-order in θ , are reduced to a system of five simultaneous equations of first-order having five unknowns. The value of η ∞ varies from 1.5 to 7 depending upon the physical parameter that governs our problem. Thus the coupled nonlinear boundary value problem has been reduced to a system of five simultaneous equations of first-order for five unknowns as follows:
Here prime denotes differentiation with respect to η. The boundary condition now become . In this way all the four initial conditions are determined. The last value of η ∞ is finally chosen to be the most appropriate value of the limit η ∞ for that particular set of parameters.
The value of η ∞ may change for another set of physical parameters. Once the finite value of η ∞ is determined then the integration is carried out. The value of η ∞ varies from 1.5 to 7 depending upon the physical parameter that governs our problem. It is now possible to solve the resultant system of five simultaneous equations as initial value problem by fifth-order Runge-Kutta-Fehlberg integration scheme for a set of physical parameters. Computed results are presented in graphical and tabular forms. We have compared the results for F ′′ (0) and θ ′ (0) with those of Hamad and Ferdows [12] , Hamad and Pop [17] , Khan and Pop [30] , Hamad [31] , Kameswaran et al. [32] for different values of ϕ and Pr for flow over a stretching sheet which are presented in Tables 2 and 3 . It is seen from this table that the present results coincide very well with their results which confirm that the numerical method used in this paper is perfect and accurate.
Results and discussions
In order to study the important characteristics of the flow and heat transfer, the numerical results are presented in Figs. 1-16 and in Table 2-4 for different values of ϕ , K 1 , Λ, λ , Pr e f f , S and a/c. Thermophysical properties of fluids and nanoparticles (Cu, Al 2 O 3 , TiO 2 ) which are used in this study are given in Table- 1. It should be noted that the Prandtl number Pr of the base fluid (water) is kept constant at 6.8, whereas Pr e f f is the effective Prandtl number which is appropriately computed by using the Prandtl number for water and assigned a constant value 3.5 or 3.6 depending on the thermal radiation parameter. In order to validate the present numerical method used in this paper, we have compared the present results with those obtained by Hamad [31] and Kameswaran et al. [32] for different values of ϕ as shown in Table- [12] for various values of Prandtl number Pr for Newtonian fluid when ϕ = 0.0. In this case also the present result are in very good agreement with their results. The variation of skin-friction coefficient F ′′ (0) and surface heat flux −θ ′ (0) are shown in Table-4 for various values of ϕ , K 1 , Λ, λ , Pr e f f and S. It is shown in Table- 4 that as the nanoparticle volume fraction ϕ increases, the skin-friction coefficient F ′′ (0) and surface temperature gradient −θ ′ (0) both decreases for stretching sheet, whereas reverse trend occurs for shrinking sheet. Further, it is seen from this table that increasing the value of suction parameter S has the tendency to decrease the values of F ′′ (0) for stretching sheet, whereas it increases for shrinking sheet. It is also found that the value of −θ ′ (0) increases for both stretching and shrinking sheets with increasing S. It is also noted that the effect of increasing the porous parameter K 1 is to decrease both F ′′ (0) and −θ ′ (0) for stretching sheet and reverse trend is noticed for shrinking sheet. Also, it is observed that the effects of heat generation has the tendency to increase −θ ′ (0) for stretching sheet, whereas its effect is reverse for shrinking sheet. Further, it is shown in Table-4 that increase in the buoyancy parameter it to increase both F ′′ (0) and −θ ′ (0) for both stretching and shrinking sheets. Fig. 4 for the stretching and shrinking sheets for different values of ϕ . From this figure it is seen that the velocity profile increases with an increase in ϕ when a/c = 2, for both stretching and shrinking sheets. Fig. 5 . shows that as the value of ϕ is increased, then the tem-perature of the nanofluid decreases which means that temperature can be controlled by increasing/decreasing volume fraction of nanoparticles in the base fluid. These results are in good agreement with the results of Das [18] .
Figs. 6-7 show the variation of velocity and temperature profiles for different values of porous parameter K 1 for stretching and shrinking sheets. It is observed from these figures that velocity increases with increase in the value of the porous parameter K 1 , whereas reverse effect is observed on the temperature profile for both stretching and shrinking sheets. The effects of buoyancy parameter Λ on velocity and temperature profiles of Cu-water nanofluid for stretching and shrinking sheets are shown in Figs. 8-9 . The buoyancy or mixed convection parameter Λ, represents a measure of the effect of the buoyancy in comparison with the inertia of the external forced or free stream flow on the heat and fluid flow. It is observed from these figures that an increase in Λ, there is increase in the velocity profiles but decrease in the temperature profiles for both stretching and shrinking sheets. Fig. 10 has been plotted to analyze the variation of temperature profiles for different values of heat source/sink parameter λ . It is observed that an increase in the heat source parameter λ (> 0), there is increase in the temperature profiles for Cu-water nanofluid for both stretching and shrinking sheets. The effect of a/c on velocity and temperature profiles over stretching and shrinking sheets are shown in Figs. 11-12 for Cu-water nanofluid. It is observed from Fig. 11 that for higher values of a/c, the velocity profile reaches its boundary value more quickly for both type of sheets (stretching/shrinking). Further, it is seen from this figure that when a/c = 0, the velocity profile decreases along η till it matches the boundary condition F ′ (η) → 0 as η → ∞ for stretching sheet, whereas reverse trend is observed for the velocity profile for shrinking sheet. Fig. 12 shows that the temperature profile of Cu-water decreases as a/c increase for stretching and shrinking sheets alongwith decrease in the peak. Figs. 13-14 depict the effects of the effective Prandtl number Pr e f f on skin-friction coefficient and the local Nusselt number. Effective Prandtl number Pr e f f depends on Prandtl number Pr as well as thermal radiation parameter Nr and the thermal conductivity of nanoparticles. It is observed from Fig. 13 that there is not much significant effect on skin-friction coefficient as Pr e f f increases for both stretching and shrinking sheets for all the three types of nanofluids consisting of Cu, Al 2 O 3 , TiO 2 nanoparticles. It is also noticed that Cu-water has significantly higher skin-friction coefficient compared to those of Al 2 O 3 -water and TiO 2 -water nanofluids. On the other hand, the local Nusselt number gradually increases for stretching sheet and decreases for shrinking sheet as Pr e f f increases for all the three types of nanofluids.
Figs. 15-16 depict the effects of the suction/injection parameter S (−0.5 < S < 0.5) of nanofluids on skin-friction coefficient and the local Nusselt number. Figs. 15 and 16 show that skin-friction coefficient and local Nusselt number both increase smoothly with increasing the value of S for stretching/shrinking sheet for three types of nanofluids consisting of Cu, Al 2 O 3 , TiO 2 nanoparticles. It is also noticed from Fig. 15 that Cu-water has significantly higher skin-friction coefficient compared to those of Al 2 O 3 and TiO 2 -water nanofluids for both stretching and shrinking sheets. Further, it is found that the skin friction coefficient profiles for shrinking sheet are higher than stretching sheet, whereas reverse trend is observed for the local Nusselt number, which shows that the profiles for local Nusselt number for stretching sheet is higher than those of shrinking sheet. In this paper we have discussed the stable solution of shrinking sheet for various physical parameters and nanoparticle volume fraction. The unstable solution for shrinking sheet is beyond the scope of this paper. Further extended may be taken for unstable solution of shrinking sheet.
Conclusion
In this study, we have numerically investigated the combined effects of mixed convection and thermal radiation on stagnation-point flow over a permeable stretching/shrinking sheet considering nanofluids. The presence of three different types of nanoparticle, namely Cu, Al 2 O 3 , TiO 2 in the base fluid (water) is considered. The governing partial differential equations were transformed into a set of of nonlinear ordinary differential equation using similarity transformation before being solved numerically by Runge-Kutta-Fehlberg method with shooting techniques. These results mainly depend on the nanoparticles volume fraction ϕ , permeability parameter K 1 , buoyancy or mixed convection parameter Λ, heat generation/absorption parameter λ , suction/injection parameter S, effective Prandtl number Pr e f f and the parameter a/c. Some of the following conclusions are drawn from figures and tables:
(i) Velocity profiles for Cu-water are higher than Al 2 O 3 -water and TiO 2 -water for both stretching and shrinking sheet.
Reverse trend is observed for temperature profile.
(ii) An increase in the values of ϕ , K 1 and Λ results in an increase in the velocity profile for Cu-water nanofluid for both stretching and shrinking sheets but these effects are opposite on temperature profiles.
(iii) With an increase in λ , the temperature profiles for Cu-water increase for both stretching and shrinking sheets.
(iv) Effective Prandtl number Pr e f f does not have significant effect on the skin-friction coefficient, whereas the local Nusselt number increases for stretching sheet but decreases for shrinking sheet.
(v) The values of skin-friction coefficient and the local Nusselt number increase as S increases from a negative to positive value for all the three types of nanofluids for both stretching and shrinking sheets which agree very well with the available results in the literature.
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